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CHAPTER SIX

CONTINGENT ANNUITY MODELS

Start with the identity derved in Example 6.2 and simply
muluply both sides by (1+7), obtamning

(A+iyAd, = 1-i-a,.
and the desired relationship follows.
We begin with Equation (3.30). where V= 4. Then we can
write

. 2 3
A Oy = Vodey) w3 odey +V da+o0,
. 2 3 ,
Az by = vedea+v o dea v dyiq oy

: 2 3
Az Loy = vedea+v dypg +V dys+o00,

and so on to the end of the survival model where £, =0.
Summing this set of equations we have

o
Z A.r+t ' fjxﬂ = V(d,rH + d.\'+2 + ) + V: (d.r+2 + d»c+3 +- )
r=1

3
+7 (d.\’+3 +(1,\f+4 +) +oe
. T,
= Vel V- /"\.‘_2 +V3 . fi\.h_z - s

a -, by Equation (6.3).

i
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From Equation (6.4b) we have

2 3
Ay = VPV ap AV g e

Ve p (v Pt pet )

i

i

Ve px(]'*‘axﬂ )

From Equation (6.15) we have

‘ 2, 42
Var(f) = A

We are given values of d, and “d,. so we use the relationship
derived in Example 6.4 to write

(-d'? i)~ (1-d i)’
d’ '

Var(Y,) =

Here i = 4 g0 d = 1o = 57 = % = .04. Furthermore,

’ 2
"= () -1= (33) -1=.08507, s0 d' = {98507 _ 7540

Then we have

5

[1-(.07840)(6)] -[1 - (.04)(10)]°

Va)(y\) = B
(.04)7
~ 52960 -.36000 _ 106

0016

Begin with the relationship found in Example 6.4 and substitute
d = 1—-v 1o obtain

A= 1-0-vy-d, = v-a, ~(d,~1) = v-d, -a,,

from Equation (6.10).
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6-0 Recall that
=
(1\- = ‘;.px R :p“‘ -

= p(Hvepeg+ VT apeg ) = v p e d

Then from Equation (6.10) we have

LY\ =1+ d, = 1+v- P (.I.“.H,
as required.
6-7 From Exercise 6-6 we have

dy = 1+v-podey
= l+v-p,\.(l+v-p\.+1 2. 3Pl +)
= I+v-p,r[1+ Ve P (14 prsa +-~)].

In the initial calculation p, =.99 and p.,; =.95, so we have

ioo1e 990,95 . ]
S l4”1,05[”1.05 ez |-

But also we know that &,.; =6.951, so we can find

_ (6.951-1)(1.05) _

dyr2 =
= 95

6.57742.

Now using pr,y = p,. +.03 = .98 we find

e 99 98 . ,
a, = 1+——~1.05[1+—1_05 a,,h:!,

so the increase is
R (.99)(.98) .. (.99(.95) ..
—ly = e g
(1.05) (1.05)

= 02TT82((99)(.98) - (99)(.95)) = 17719,
(1.05)°

v+ 2
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6-8 If the death benefit is B, then the present value random variable
for the new product is

W, = 12,0007, + B- 7,
- 12, ooo )
12,000 [, 12,000
TS M"'(B .08)

i

150,000 + (B-150,000)- Z,.
Then
ar(W,) = (B-150,000)* -Var(Z,),

which is minimized at B = 150,000.

6-9 We write Equation (6.14) as

y 21k
E[Yr] = Z(l ! )'kqf%
k=1
:.a]—f Zk gy = ZV s IIQ\':I
k=1 =
=1
= d[l A ]
=d

using the result of Example 6.4.

6-10  This is the continuous counterpart of the result of Example 6.4.
Rearranging Equation (6.18) we have

Z‘r - 1_(S'iy

and taking the expectation yields the desired relationship.
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6-11 We use the defimtion of @, given by Equation (6.17h). <o we
have

[4 / - ) (l'
Mg 4
A dy Jo

‘\j-,pxtﬁ

, jx ( “/{ D ) dr

SR (X P,

using the result of Exercise 4-6(b). Then we have

s j‘ r J‘ :
=l L vienodt- v oo, dt
Lir v /.\ o 11\ 0 [[J“‘ X f

= fle By — Ay
= Hy a_\ - (I~0‘ : ‘7\)
ac(pc+o) -1,

il

as required.

6-12  Recall that E[Y_},]:le‘.. We use the result of Exercise 6-10 to
write
= I_E.r

e —
’ 0o

Then we use the result of Equation (5.49a), where A, was
derived under the unitorm distribution, to write

s

E[V.] = d, = 1[1_5(;@ - () Ay

S5 w—x | S(w—x)

as required.



6-13  Recall that

— 27 g2
Var(azy) = Var(Y,) = Ao AT

We know that
A, =1-6-a, =1-106
and
‘4, =1-28-%G, =1-14.756.
Then

(1-14.756) - (1-106)" _ 5,256 ~1005° _
52 T

Var (}7‘) =

which solves for ¢ =.035. Finally

A, = 1-(.035)10) = .65.

6-14  Since p,.,, 1s constant, then 7, has an exponential distribution.

From Example 6.5 we know that, in general, @, :71_}:3' Here

we have p=k and & =4k, so

Var(agy) = = A“;A‘

|

(5..
bl
[ |- 1- k(e
(4k)’
U DAl BT
16k" 9

which solves for £ =.02.
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6-15 In general,

= prle T c1-208)
= Pr[-0T <In(1-205)]

] -200)
= Pr{ 7> Inl=299) \0() B
o *O J

Here & =.03 so we have
PrT > 30.54302).

But 7T'is exponential with parameter u=.025, so0

Pr(T >30.54302) = ¢ W0 = 46600,

6-16  We have

!
N
{

C"O“(?L’azt') = E[Yv r]“E[ x] E[Zt]
A AR AN N
= %E[jr“Z\ZJ—E[?\]E[Z\]

4
= %[‘Erﬁzq,\’]_jr 74\
I 277 Llasiy. i
= = A~ A |- = (=4 A
1 J-5=d0- 4
i a4
T e - — i e —-
) o ) o
. 41\'2‘22.\'
= 5 \

as required.
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it

Recall that , p, = ¢ . SO we can write @, as

NGl

- ! == ~llud
dy = [) Vo pydl = J-( e el gy
) ()

Simlarly,

- ¥ R i .
o iy Mo dr
= 4 < ER (][

oy i, dr
- Io e g hames dr gy

p— — F
But a, =a, ., so we have

o0 .Cfff.) Mo dr =351 _effg Uiy dr

Lo
oo Jos dr

. e" S ‘g*'zdl

oo [, +28y dr ,

which shows that g, = /J;H + 20, as required.
-—i‘—;_;i and E|Z,]=A4,. The uncon-
52

ditional first moment of Z, is

Recall that Var(f}) =

(SOE[ZM )+ E[Z.7) = (50)(.09+.15) = .1200.

We are given the values of Var(Y,) for males and females
separately, so we can find

TAM = (5.00).10) +(.15)° = 0725
and

‘47 = (40001097 +(.09)* = 0481,

The unconditional second moment of Z, is then
CGO(FAM +24.7) = (50)(.0725+.0481) = .0603.

Then the unconditional variance of }, is

0603 -(.1200)°

: = 4.59.
(100
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Taking the expectation ot Equation (6.22b) we have

EYiml= aw = (1= E[U]- E[V]]

1
I,
Ir .

= < 1-(L+i)-Aem 4 |,

L

using Equations (3.7) and (5.20), respectively, to find £[U] and
L[V}, Then we have
Pagn = V=i Ay = Al = dan = 1= A5 - Aur,

and the desired relationship follows.

As in Section 6.1.1, if X is paid by cach of 7, persons then the
mitial fund is X7, which we equate to the present value of all
annuity payments. Then we have

- ’ 2
X 1,7‘ = \”{L'“.l +V ‘/,7.,64_3 oy '[x+71-

Dividing by £, produces

X = \;‘L}'*_l_.*_vz.ﬁlﬁ_.k...n}.vn . él"'”’
& [x (‘\

5
- v.px+V".2px+...+vn‘npx,

which is a,;; by Equation (6.21).
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1

From Equation (6.23) we have

E[Yem = i(lm‘f’k“ljw»ﬂqura;} Z k1] G
1

l /

k=l k=n+
-
= ‘Il‘{z -1l qdx "‘kawl(k—lpx “kpx)} + Ay n Py
k=1 A=t

= %{1 —nPx T (1"""”) cwlx T kavl(k% Px— kpx)}
s
B n n
B oy p = 3 pe e Yo kpx}
k=1 k=1

o~

r N
=7 (I‘H)ka "k Px _[ka—l Ck-1Px —1+v"- nPx J}
E

k=1 .

" n n
= S ()Y pe - 2V kp.\}
L k=1 k=l

n

k
= Zv ) kpx,ﬂ

k=1

~. f—

which is a,; by Equation (6.21).
This time the present value of all annuity payments includes (.
payments at age x but no payments at age x + . We have
Xl = (o+ved g+ R
Dividing by 7, produces
X =1l+v-p,++ yrt n-1Pxs

which is @5 by Equation (6.27).
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6-22 [hisis similar to Exercise 6-21. We have

/r) Y, == YE 1“_" - ~ Lj i S\ At [‘/\
X prert U e on
T s ]
/: Y 1e) Y“( Iy wp) & P
} o= P '
W& AT

s =
L kel |
! 11 ‘
- [ (1 n B v
- ;Z - pPe v
£ i
1i~n-l . v
I S ¥
¢ L ko bl A
l;h/.“l ) n-1 " ] n-- i
= DV (=D YV, = 2
&0 ko0 I k=0

which s d.p by Equation (6.27).

6-24  Beginning with Equation (6 24b), we first divide numerator and
denominator by (1+7)° to obtain

20 [ 2.2 L 12 1 1
- . ( A, | “‘Axﬂ;‘ )R G e o n ) -2y '4‘1,\:nf : 4‘1\’:;7{
"'ﬂ”‘(yxr}}‘[) = 5 i
-

Then we rearrange terms in the numerator to obtain

2,0 A
( /.l\;,," kS L

L A, i. ey irL )
M(/‘()‘y‘_lm’) S T B 2o

Observe that the expression inside the parentheses of the squared
term 1n the numerator can be written as



1 o o ol
Avi+v- Aot = veg +0" e g +vay" p

We add and subtract the term v**'. p, to this expression,
obtaining

, N el e i+l
Vog oy n~l‘[],\* +1 alPy TV CprtPy TV C el Py

n+t

— M ’ 4 . [
F Vgt n~l‘qx + n{ g, + n+le

1 i
= A,\':m + A,\:m = A\m .

The expression inside the first set of parentheses in the numera-
tor is the same as that in the second set, except at interest rate

i = (1+i)> =1 (or §'=28 ). Therefore the same steps as above
will produce * A4y for this expression so we have
ZA_x':m ~ Avr¥T) :
PE
which is Equation (6.34) with » replaced by n+1.

Var(Y ;) =

6-25  The process 1s the same as that shown on page 178, except here
we have payment of (, at age x but no payment at age x + /.
Then we have

LD L (D T s (14

Crin
CEOHTR J'[X(Hi)” bl (1) (m‘)]
- (1+i)" 1, |
) R 0 B S O S J
b | [,
(1+0)" -,

X

[/ xr+n

n-1
[1+\'-px oy ~,,4pv‘]

1

[ x+n

1 v
- Qi’)ﬁf_.dxﬂ,

yen

which 1s Equation (6.35).
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6-26  From Equation (6.31) we have

gz = EVY 5|
e ST

v

= &g mdyy g Ay 2 gy F dpcalge+dag ape.

Note that ¢y is the present value of payments if (x) fails in the
fourth vear or survives bevond the fourth vear, so dp 1s the

value if (x) survives beyond the third year, the probability of

which is 5 p,. Then we have
dgo= (L00).33) +(1.93)(.24)
+(2.80).16) +(3.62)(1-33-24-16)
3300 + 4632 + 4480 +.9774

2.2186.

I}

6-27  We have

E[Y5] = MU-p)+ 18T pe=2p)+(2.62)(2p:)
= (1)(.10) + (1.87)(.90—-81) + (2.62)(.81)
= 1000+.1683+2.1222 = 2.3905

and

= (D2(.10) + (1.87)°(.90—-.81) +(2.62)* (.81)

o]
3
S
Fad)
(8]
L
]X

10000 +.31472+5.50016 = 5.97488.

i

Then

Far(¥.5) = 5.97488 - (2.3905)° = .26039.




6-28

6-29

From Equation (6.40) we have

i

I’ar(r};;ﬂ )

1-20-

5

. - 2 2
i) ~ 1420 Az — 0 e

v:IN Sy [

as required.

We have

,r(” ( Dy My, dt

as required.

—
|
b

2z~

) 2

52

FI.\':F[ +2- a.\':ﬂ -5 E,\':F]z)

— 2
av\':ﬁ!) —dyn

n
517 !O (lw"l ) t Py Hxvt dar

—Al)

\/,!r-—-l Qq,v-—n

(v
[ - np,r) - (1"(5'b—x:7ﬂ _nEx)]
(o

Dy o Px (1__‘,'7))

w—

i) = 2Py i),
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R I 3

From Bquation (6.47) we have

il kon
B o, v i
Bl Y] = Y v ai¥e by iy,
PRI . ’
o < = I ;
- N REEAR7R \ v sy
l‘ oy At i
I LY Kol "
] li R {“ £ )[
S Voo g Py T P v (; Py e Py ;
4 Fou et |
Ir " oY i T
; ~l " . k=l !
TR R PR
If feemed b L= ;
r - . B
ki N i |
= ~[(1~I) Z VP }_‘ Voo kDx
' o=t ko=t _J
L e
k §en
3 Z 1 ka =+ Z"’ A"Hlp\"
K=nrl 31

which is ,[a, by Equation (6.45).

This demonstration parallels that of Example 6.9. In this case,

At = F - \71:
SO
bGe = dim ~dgy = 0
for K, <u, and

v T ER— R —
AV = g i = Ve dET

for K, > n, as required. Then
ELa el = EL¥ -V | = do—dom = nEc-diey = .

as required.




6-32  The force of mortality is constant, so , p, = # for all 1. Then

we can calculate

. 2
dy = I+v-p,+v APy e

~J - -2 -2
=1+ 0T 40 e

= 14 oT D) (e

[

= 1 = ] = 2082
- [— o s+ N 1— e [0k I(0n] — 20.82075,

slde = d,—d 3 = 16.27875.

Then S >4 a, if 17 payments are made, which occurs if (x)
survives to age x + 21. This means that

P"(S>5’ (1\) = 0Py = e~(2])(.01) = 81058

6-33  The death benefit is a 30-year term insurance of the net simngle
premium amount, so we have the equation value

NSP = NSP- Ayiqs + wldss = NSP- AL s + 30Ess -dis.

We find 30E35 as

wihs = Aygsg = /135;36?“”43!5:?07 = .14,
S0
(.14)9.90)

= 1.49032,
=07 1.4903

NSP =
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p-34  From the definition of ¥ we have

kY] - Jr Aol Pollg, di= j & Pyfdes: di

y)

e

~ "no_ LLFes
s J-‘) R TN/ f dp o flen dE '[ iy Py, di
¢ . 0 b y

= ‘Zx’ - ( &”\’ o Py ‘ir) b ;l—?:‘ Y.

where we use the result of Exercise 6-29. This simplities to

dy —dyim + Py i) 2 dy) = Py Gn = 5l A +dp,

as required. The result 1s also mtuitive. Pavment is made for n
years in any case, whether (x) survives or not, and then beyond

¢t =n it survival occurs. Thus the APV is &5 + | d..

6-35  (a) Equation (6.66): Start with Equation (6.61), and imitate the
variable change that evolved Equation (6.44) into Equation
(6.45).

(b) Equation (6.67): Start with Equation (6.64). and imitate the
vartable change that evolved Equation (6.48b) into Equation
' (6.51).

(¢) Equation (6.68): Simply add the right sides of Equations
(6.59) and (6.61} 10 obtain the right side of Equation (6.58).

(d) Equation (6.69): Simply add the right sides of Equations
(6.63) and (6.64) to obtain the right side of Equation (6.62)

(¢} Equation (6.70): Simply add }1—1 to the right side of Equation

(0.58), by including ¢+ 0 in the summation. to obtain the
right side of Equation (6.62).



(a) On the right side of Equation (6.59), add % (by including

t=0 in the summation) and subtract % «E, (by deleting

t=mn in the summation) to reach the right side of Equation
(6.63).
“LZ ) nE.\‘ (b)

Iy

(b) On the right side of Equation (6.61), add

including ¢ =mn in the summation) to reach the right side of
Equation (6.64).

Begin with the definition of ¥{™ given by Equation (6.76). We
have

Fo _ L(—_I-VJ“ )
m d

where this d is the effective discount rate over ’]7 of a year. Then

m-d = d"™ so we have

-y _ 1=z

Y( my
* d (m) d (m)

where 7' is defined by Equation (5.39). Taking expectations
yields

~E|ZY] 14
d(m) - d(m)

d,(x'”l) — E[}‘,i\gm)] - 1

and Equation (6.77) follows.
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. i}
o ) [
(-3% et aw(m) - »—;J-d—w—- and pim) = -

Loy goms Wy gty
! oAkl ! d

{a) From Equation (6.67),

e ,;E‘A[(z(m)'éi,_,( - /i(m)]

soamye gl - flmye JE

(b) From Equation (6.69).

) eeent) p ot
“1;‘-;,‘7“ =y T o dy

= (a(m)-d, - fim)) =(alm)- | d, —p(m)- E.)

= a“”)'(d\'ﬂnjd,‘c)""ﬁ(ln)’(\l_'n[;\i)
= alm)y-dgp ~ pimy-(1-,E,).

(¢) From Eqguation (6.65),

SCIR S
Syt Ty
X

Iy

H

i

= = (\(l("’)“‘ivv:h{ ‘/7)(’”)'(1“175.())

= alm)- §.\':ﬁ§ - f(m)- (""J‘:“ -1 )

67



6-39  (a) Begin with Equation (6.70), rewritten as

>

a‘(vm) - &-im) _i
m

and substitute for @™ from Equation (6.78). We have
q

1

a” = a(m)-d, —/B(”')“m'

Then substitute d, = a, +1, reaching

al™ = a(m)-a, +a(m)- B(m) ——nl—l

id o[ _id =™ 1
I-(m)d(m) S I-(m)d(m) i(rn)d(m) m

__id mii—d) - m@i-i"y = m@G —d™)
- i(m)d(m) SCies P .i(m)d(m)
id a" —d

X

I-(m)d(m) i(m)d(m) ’

as required. Then with part (a) established, each of parts (b),
(¢), and (d) follow from part (a) in the same way Exercise
6-38, parts (a), (b), and (c) followed from Equation (6.78).

6-40  (a) The result follows immediately from

S = lim "™ = lim 4™,

m—x n—»s

(b) The result follows immediately for the same reason.
(c) Starting with the part (b) result we have

— l‘d (a\**l)-,“é—%ci - ia\"“]\i,‘!"(;_(i

dy = — 54, 3
o be) o° o o°
_id . ('z‘d—md\}
s
d . i=d=8+d)
1) \ o-
T )
:l—3~~a‘~l‘f 1
o i

which is the part (a) result.
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By 1" Hospital s Rule,

lim 20 = im £ - ,_])

wi-v LM weor e L i

vl . ,
so 7" bhecomes

and '™ becomes

Recall that f, = i cAocand A = 1—d - d,, so we have
[

A4 = La-d-ad)
fad
= '11 Z_f{, “l}‘\
O e}
1 i-d .
I
1) Ie) *

The APV of the contract 1s

APL = 1+ 20 poe 3 5,
= 1+ (20C90)080) = (3)(.90)7 (R0).7S)
- 3.898,

The present value of pavments actually made 1s 1+ 2v = 2.80 if

only two payments are made, and 2.80 = 3" -~ 523 if all three
puyments are made. Then for the present value of pavments
actually made to exceed the APV, survival to time 7= 2 15
required. the probability of which is (.80)(.75) = .00,

R S
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w43 The present value random variuble Tis v 2 for failure in the
{ .

first year twith probability 200, v 2 -3 . 170 for Gnlure
; - the second year (with probability  (S0%.23) 20y, and

K L7047 794 for survisal to the third vear (with

srobabthtv (8073 - 60), Then we have
} ) ,

Y] (2)C20) - (A T0HZ0) = (T.94).00) 6104
and

EIY7 1 20 (201« (70)°0.20)  (7.94)7(.60) = 43 04416,

SO Far(Y) = {43.04416) -(6.104) - 5783524

0-+0  (a) Extending the result of Exercise 5-23(a), we have
Ao = b+ By g v o By A e
Sded @) o B (led dey ) B (d gy
=l (B, o+ LB, )
S dldy By o E Ty )

= d, - d D,
as required.
(b From Eguation (5.55) we have
(r.4), = ‘:)/ A et dr

Using integration by parts we have

- P £ | 7

IR cePefee

(), = [ et tPollen &
Uy Y 2

I | N T
P, —‘u o0 vy pdr
The first term goes to zero at both limits. so we have

= dy -0 (1d),, asrequired.



