More tutorial at www.LittleDumbDoctor.Com

1) Let R be a ring and I be an ideal of R.

(a)

Prove that if .J is an ideal of R containing I, then J & {a € R/I : a€ J}is an ideal
of R/I.

Solution. First observe that if @ € J, then, there is some b € J such that b = @, i.e.,
a—>be I CJ. But then, since J is closed under addition and b € J, this means that
a € J. Therefore, if a € J, then a € J.

Since J # @, clearly J # @.
Let a,b € J. Thena,b € J andso a+b € J, and hence a+b = a + b € J by definition

of JJ.

In the same way, if a € J and 7 € R, then r € R and a € J. Since J is an ideal, we
have that r-a € J. Thus, 7F-a=7-a € J.

]

Prove that if J' is an ideal of R/I, then J’ = {a € R : ae€ J}isan ideal of R

containing I.

Solution. Since J' # @, clearly J' # @.

Let a,b € J'. Then, a,b € J' [by definition]. Since .J' is an ideal, @ +b = a +
So, a +b € J' |by defintion of J’ again].

S

j=p)

~

In the same way, let r € Randa € J, then7 € Randa € J', and hence 7-a =7-a €
Thus, r-a € J'.

~
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2) Let R be a commutative ring with identity and a € R such that o~ # 0, but a" = 0,
for some positive integer n. Prove that R[z]/(ax — 1) = {0}, i.e., it is the zero ring.

Solution. It suffices to show that 1 € (ax — 1). But, since a” =0
1=(1—-a"2")=(1—-ax)(1+ax+a’s®+ - +a" 2" ").

Since 1 € (ax — 1), we have that (ax — 1) = (1) = R]z], and the quotient is then the zero
ring.

A more direct way to see this, is to see that we are adjoining an inverse of a to R, say a:
a-a=1inRY R[z]/(ax — 1) = R[a]. Then, for all b in R', we have that a"b = 0, since
a" = 0. But then, a"a"b = (aa)” = 1gb =0 = 0. So, every element of R’ is equal to zero.

]
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3) Let R be an integral domain, F be its field of fractions [or quotient field], and K be field
such that R C K. Prove that there is an injective homomorphism ¢ : F' — K, such that

for all a € R, ¢ (%) = a. [Hint: To start, you need to find the formula for ¢. Think of

the most natural way of seeing an element of F' inside of K, remembering that the image
is contained in a field. Also, you will have to show that your formula is well defined, i.e., if

b= e e () =0 (G

Solution. Let ¢ : R — K defined by ¢(a/b) ©g bl [Note that since K is a field, and

be R—{0} C K —{0}, we have b™! € K]

Well deﬁned Suppose that a/b = c/d i.e., ad = be. Then, since d # 0, we have a = bed ™!
[in KJ. So, ¢(a/b) = ab™! = bed™ 6! = cd™! = ¢(c/d). Hence, ¢ is well defined.

Homomorphism: We have:
¢(1r) = o(1/1) =1-17" =1,

Olafo-+ cfd) = o((ad +be) bd) = (ad +b0) 0 = (ad +b0) 67 ™)
=ab ™t +cd ! = ¢(a/b) + d(c/d),

#afb- c/d) = ¢((ac)/(bd)) = (ac)(bd) ™" = acb™'d""
=ab'ed™ = ¢(a/b) - p(c/d).

Ingective: If ¢(a/b) = 0, then ab~ = 0. Since we are in a field [and so a domain], there is
no zero divisor, and so either a = 0 or b=! = 0. Since b # 0, we have that b= # 0 [it is
invertible|, so a = 0. Then, a/b = 0/b = 0p. Hence ¢ is injective

Now, by its definition, clearly ¢(a/1) =a-171 =
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4) Prove that Z[iv3]/(2 —iV3) = Z/77.

Solution. [Here are a few preliminary comments: first, the ring Z[i\/g] is very much like the
Gaussian Integers Z[i]. Note that Z[iv/3] = Z[x]/(2® + 3), and hence {1,iv/3} is a basis, i.c.,
every element in this ring can be represented in a unique way as a + biy/3.]

Let ¢ : Z — Z[iv/3]/(2 — iv/3) be the unique homormophism, i.e., ¢(n) =n-1=n =
n+(2—1iv/3). [Note, we do not need to prove that the map “n + n-1g” is a homomorphism!
It is always a homomorphism.]

We have that

W) =T=02-1V3) - 2+iV3)=2—-1V3)-2+1V3)=0-(2+1V3)=0.

Hence, (7) C ker ¢.

Now, let n € ker ¢. Then, ¢p(n) =7 =0, i.e., n € (2 —iV3), or n = (a + biv/3)(2 —iV3).
So, n = (2a + 3b) + (2b — a)iyv/3. Thus, a = 2b [for the imaginary to be zero — we are using
the unique representation here!!], which yields n = 7b, and therefore ker ¢ C (7).

We can then conclude that ker ¢ = (7).

Let RY Z[iv3]/(2 —iV/3). Then, in R, 2 —iV/3 =0, i.e., iv/3 = 2. So, given a + biv/3 €
R [and so a,b € Z], we have that ¢(a 4 2b) = a + 2b = a + biv/3, and ¢ is onto.

By the First Isomorphism Theorem, Z./(7) = Z[iv/3]/(2 — iV/3).



